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A perturbation analysis of the laminar far wake
behind a symmetrical two-dimensional body
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An aspect of the laminar far wake behind a symmetrical two-dimensional body
placed in a uniform shear flow is deseribed theoretically by means of the Oseen
type of successive approximation, in which the shear is regarded as a small
perturbation on a uniform stream. The expression for the stream function is
determined up to the third approximation both in and outside the wake region,
and the region in which the results of the perturbation analysis are valid is also
determined. The stream function is found to contain four constants which cannot
be determined from the boundary conditions for the far wake. The analysis also
shows that the spreading of the wake is greater towards the side of smaller
velocity than the side of larger velocity, the asymmetrical feature of the velocity
defect becoming more evident as the distance from the obstacle is increased:
the point which shows the maximum velocity defect shifts to the low-velocity
side.

1. Introduction

The laminar flow field at large distances from a finite body located in a
uniform flow of an incompressible viscous fluid is of basic importance and has
been theoretically treated by many investigators. Imai (1951), among others,
made a detailed analysis of the two-dimensional far flow field for an arbitrary
Reynolds number, based on the Oseen type of approximation of the Navier—
Stokes equations. The same problem was considered by Chang (1961) by means
of matched asymptotic expansions of the co-ordinate type. Childress (1961)
subsequently considered axially symmetric and general three-dimensional far
flow fields by the same method.

There are many examples in practice, however, where a parallel low of fluid
is non-uniform to the extent that velocity varies in magnitude across the stream.
Such a flow exhibits shear characteristics, a typical example being the flow in the
presence of a plane solid boundary, where the velocity increases with distance
from the boundary. In an attempt to obtain the low Reynolds number flow around
a circular cylinder placed in a uniform shear flow, Bretherton (1962) considered
the two-dimensional flow at large distances from the cylinder. Hunt (1971)
obtained a solution for the laminar wake far downstream of a cylindrical body
placed with its generators perpendicular to the flow on a surface above which
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there is a simple shear flow described by % = Gy, where y is the distance normal
to the surface, G is a constant velocity gradient and u is the velocity component
along the surface. An important difference between the velocity in this wake
and in those behind bodies in a uniform flow is that here the perturbation
velocity decreases with distance downstream (say, ) in proportion to z~! as
opposed to z~% in the latter case. In the solutions of Bretherton and Hunt the
velocity profile in the wakes is described by the similarity variable y/z} as
opposed to y/x* in the case of a uniform flow. In this connexion, it should be
remarked that their analyses are deliberately restricted to the case where the
shear is the dominant feature of the flow. The wakes are fundamentally different
from those behind bodies in a uniform stream, which cannot be deduced from their
results as a special case.

In reality, however, there will be a lot of cases or regions of flow in which the
effect of shear on the development of wakes can be interpreted as a small perturba-
tion to the wakes behind bodies placed in a uniform stream. A theoretical analy-
sis of such wakes is the subject of the present paper and will correspond to an
opposite extreme of the cases which were treated by Bretherton and Hunt. The
present work has resulted from the authors’ interest in the general problem of
flows around bodies located in non-uniform oncoming streams. It should be
remarked here that Kawaguti (1956) investigated the low Reynolds number flow
around a circular cylinder located in a uniform shear flow by regarding the shear
as a perturbation on a uniform stream. However, characteristics of the wake
behind such a cylinder were not considered in Kawaguti’s paper at all. There will
necessarily exist an upper limit of the range of « where the solutions of wakes
obtained by the perturbation analysis are valid. The limit will be considered later.

For the sake of simplicity, a two-dimensional symmetrical body aligned
parallel to the uniform shear flow is assumed in the present analysis.

Finally, it may be noted that the motion in the wake at the large Reynolds
number, which is the case of practical importance, is unstable with respect to
infinitesimal disturbances, because the velocity profile in the wake has points
of inflexion. For a slender streamlined body, the flow in the wake, even if steady
just behind the body, becomes turbulent further downstream; whilst for a bluff
body the flow in the wake is definitely not steady but quasi-periodic or turbulent
when the Reynolds number is large. Therefore, it may be worth mentioning
that there exists a similarity between the mean velocity profiles of the free
turbulent shear flows such as wakes or jets and those of the corresponding laminar
ones. The turbulent eddy viscosities for free turbulent shear flows in general have
been found to be proportional to the product of the maximum velocity difference
in the shear layer and its width. Since both are functions of the streamwise co-
ordinate x, the turbulent eddy viscosities also become functions of x alone.
The mean flow pattern of turbulent shear flows of such an eddy viscosity could
be investigated as an extension of the laminar theory. Moreover, a fundamental
understanding of the equivalent laminar flow problem is always necessary
before embarking on a phenomenological analysis of a turbulent flow.
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2. Basic equations

We introduce a Cartesian co-ordinate system (z,y), where x is the streamwise
distance measured from an appropriate point near the obstacle and y is the normal
distance measured from the  axis; the corresponding velocities will be denoted
by » and v, respectively. Motions of the fluid are governed by the Navier—Stokes
equations and the equation of continuity. For incompressible flow, when the
stream function ¥ is introduced by the usual definition

oVjoy =u, 8¥/ox=—v, (2.1)

the equation of continuity is automatically satisfied. The Navier—-Stokes equations
for the two-dimensional steady flow of an incompressible viscous fluid are then

written in the form

¥ ow oY ow
a_y..% _— Ega‘g = VAQ), (2.2)

where A = 92/0x®+ &%/0y?, v is the kinematic viscosity and w is the vorticity,

defined by
w = ov]ox — dufoy = - AY. (2.3)

At infinitely large distances, the components of the fluid velocity are assumed to
be
Up = U+ Gy, v,=0, (2.4)

where U and G are constants. Then, the stream function ¥, corresponding
to (2.4) becomes

Y, = fuoody = Uy + $Gy2 (2.5)
If we write
¥ =T,+, (2.6)
we have from (2.1)
u = U+Gy+ &f/oy, 2.7
v = — /o, (2.8)

so that oy /ox and 8yr/dy will be small at large distances from the obstacle. Thus,
we can write (2.3) and (2.2) in the forms

=~ (@+AY), (2.9)
Ay 2% (p Dy oAy

where 2k = U/vand a = G/U. The form of (2.10) makes it plausible to assume the
following forms for i and w:

Y = U(Y +ayy) +o(a), (2.11)

w = U{w;+a(wy— 1)} +o(x), (2.12)
where

0w =—AYy, wy=—AY,. (2.13)
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Substituting (2.11) into (2.9) and (2.10) and comparing like powers of «, we obtain

0901 _ o (001 8y B0y

Aw2—2k.a_"_)_2_2ky%w—1=2k(a¢1_a.‘i% g 00y _ 0, 00, 3%8(01). (2.15)

ox by ox oy ox  or 9y ox oy

Since the vorticity in the original inviscid stream, which is —@, is constant,
Kelvin’s law of vorticity requires that the flow outside the wake region be
governed by

Ay, = Ay, = 0. (2.16), (2.17)

Therefore, (2.14) and (2.15) are understood to form the fundamental equations
for the flow in the wake region, while (2.16) and (2.17) show that the flow field
outside the wake region can be determined by means of potential flow theory.
Some constants which will appear in the solutions can be obtained by the match-
ing conditions at the edge of the wake. The matching conditions and the boundary
conditions will be discussed in the course of the following analysis.

Since yr, represents the solution for & = 0, it should be understood to describe
the wakes behind obstacles located in a uniform stream. Therefore, i, gives the
first-order effect of the main-stream shear on the flow in wakes.

3. Solution for ¥,

The laminar far wake behind any symmetrical obstacle in a uniform stream,
which is described by ¥, has been well established by previous investigators.
Here the results of Imai (1951) will briefly be summarized for later reference,
because use must be made of ¢, in order to determine ¥,.

For sufficiently large z, &y /02 and 9yr,/0y are small compared with U and,
therefore, the first approximation to ¥, or w, can be calculated by neglecting the
terms in (2.14) that are quadratic in 6y, /0x and 8y, [dy. If the first approximation
to w, is denoted by 0, w{P now satisfies the equation

Ao — 2k 00P [0z = 0. (3.1)
Introducing the complex variables

2= x+i.% g = g+i77’
related by the equation
2z = &2, (3.2)

Imai obtained the solution of (3.1) in the form

o) = — Ay = —92{2’“2’” e_”a}.

T T (3.3)

Here # means ‘the real part of * and m is a constant related to the fluid density
p and the drag D of the obstacle by the relation

m = D[pU. (3.4)



Laminar far wake bekind a two-dimensional body 309
Equation (3.3) now yields
o__™ AT
Y Xl (erf?; 71') (—m<O<m), (3.5)
where
0 = argz, erf o2 v—t’dt
=argz, erfy=— . .
Equation (3.5) is valid throughout the flow region at a considerable distance from

the obstacle, both in and outside the wake. Especially, it should be remarked
that, in the region outside the wake, ¥{" takes the form of

Y1’ = F{(m/2nT)logz},

in which # stands for ‘the imaginary part of”.
By applying an iteration procedure starting with ¥{V, Imai obtained the
higher order approximations in the following forms:

" = ¢‘§-1)+¢§2)+¢‘§3)+ ey (3.6)
w1
I = e Bhent 2y xty), @

¥ = k%—g— [t erf7 + (log §) 7 e~"]

km 2
8 U3§2{4X 3tq¢77 R(y) — 14 x 34 (erf 3ty —erfy)
+12 x 2te 1 erf2hy + 6 e~ erfy + 3wy e 1" (erfy)? — 12 x Bherfy
—4x3tm(logf) ﬂe"’“}+“gz’7“’ (3.8)
B(y) = f (erf 3ty —erfy) en* dy,
0
in the wake, and

_ = #(f@), (3.9)
with ;
m Cktm? 1 (38km? logz a
flz) = 2—7T—ﬁlogz—z4ﬂivz—a+ (8712U3_2772U2) . Tyt (3.10)

for the region outside the wake. Here, B and @ are real constants which cannot
be determined from any boundary condition on the far wake. These constants
have been believed to be connected in some way with the flow near the obstacle,
which is neglected in the far-wake analysis (Stewartson 1957).

4. Solutions for ¥,
4.1. Furst approvimation

When x is large, the terms on the right-hand side of (2.15) that are quadratic in
small quantities can be neglected for the first approximation w$". Then we have
AP — 2k 80P |0x = 2ky aw<11>/ax,}

4.1
or AW + 2k 0yrP[ox) = 2ky 0w/ 0x. (¢.1)
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Remembering (3.2), we have the relations
o__k (0 @
B+ \"eE Tay)

2o b6 0d)
by~ BrE\°5y G
and A = [I*/(E2+ )] A%,
where A* = ¢2/082 + &%/on2.

Substitution of (3.3) into the right-hand side of (4.1), together with the above
differentiation formulae, yields

oPrd 4km 1
*{ D 2 ) = T (994 — 32) g0t -3

Since the operation 8/ is equivalent in order of magnitude to multiplication by
1/£, we can integrate (4.2) twice with respect to 5 to obtain

oY dkmi
(1) g _ Evin 2_ 9,8\ ,—p2 3
ol +2k—3x AT f(317 29%) e~ dpdy + O(£-3)
_ 2km1 a 3
= —mg(ﬂ +1) e +0(579).
On using the relation o = — Ay, we have
Dy = (2m[mtkU) £(n* + 1) e1* + O(7Y), (4.3)

in which
a2 o2 d 0

Assume the solution of (4.3) to be of the form

U = Engy(n) + O™, (4.5)
where g,(7) is a function of 5 alone. Substituting (4.5) into (4.3) we have

g’1’+2(17+1—17) g1 = 7;%(17 +1—17) e, (4.6)
the prime implying the differentiation with respect to 7. The general solution of
(4.6) is

91(n) = ﬂ_;n];“U%gu(ﬂ) - 01%912(77) +Ch
in which C, and C, are constants of integration and

9u(n) = —}9Pe " + §miyerfy,
g1o(n) = e 7" + miyperfy.
Therefore, the solution of 1§’ becomes

Y = E{(mfntkU) g1y(7) — Cig12(n) + Con}- (4.7)
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Fieure 1. Velocity components in the first approximation.

Since g,; > + &7dy and ¢,y > + 7y as g - + 00, we have from (4.7)
PP = E1(Cy + (5m/8KU —m¥CL). (4.9)

It should be noted here that the low outside the wake region must be matched to
(4.8) at the edge of the wake. Remembering that (3.2) gives

2ky = 28y, 2kx = E—7?,
we can obtain the flow outside the wake region which matches to (4.8) in the form
W = WYY, (4.9)
where WP = {Cy + (5m/[8kU —miC))}kz, (4.10)

the + signs standing for #(z)Z 0. Equation (4.10) yields the constant velocity

components
AWPR|dz = UP —iVP = k{C, + (bm/8kU —miC))},

throughout the whole region outside the wake. Since non-zero velocity com-
ponents at y — + oo which are induced by the displacement effect of the wake are
unacceptable for physical reasons, we must put

0, = 5m/sSmhkU, Cy=0.

Therefore, ¥ can be determined as

PP = — (mfAmdkU) £ + 3) e + O(EY), (4.11)

which yields the velocity components
u) = oyp[ay = (m[4mbU) (202 +3) 7" + O(E-2), (4.12)
oD = — YD ow = — 1(4:7;4 +87%+5) e~ + O(£-3). (4.13)

SmUE
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The profiles of  and + are plotted in figure 1. It may be noted that u{ is
antisymmetric with respect to the 7 axis.

4.2. Second approximation
To find the second approximation, we write
Yo=Y +yYP. (4.14)
Then, y{? satisfies the equation
@ @ 1 D (1) Py 1) 9y M 9y
A(w(zz)+2kagr;) _ 2k( ouf +61ﬁ owy oYy 0wy’ oYiowy’ o3 dwi )

ox oy ox Oy ox oxr oy Ox Oy
(4.15)

Substituting (3.5), (3.7) and (4.11) into the right-hand side of (4.15) and rearrang-
ing the terms, we obtain

P k*m? k2m?
* (2) 2 — o ” Py d ) ” I
A (wz +2k P ) =—3 wzg (39 X" + 92X )+4an2§ Y(Z" +9Z")

k m 1 1 " k2m2 "
o Uzg—zz @Y +7Y") - £ Y2

+{ g 02" - 2| + 0, (4.16)

where
X = 2berf2by — e erfy,

Y=e¢1, Z=(292+5)e .

The term in curly brackets in (4.16), which is of order £-3, should be considered
in the third approximation. The terms of order {~2 will then be retained in the
second approximation. Integrating (4.16) twice with respect to 5, we obtain

o + 2k Y P [ox = (km2|4mU) E-2 Q) + O(E-), (4.17)
in which

Q) = (5—292) e — 274 (298 + ) e~ erf 7 + 2(2m)E y erf 23 9.
Substitution of the relation 0@ = — Ay into the left-hand side of (4.17) yields
DY = — (m?[4nU%) Q(y) + O(™).

Y = (m*/4mU) go(n) + O(E) (4.18)
and dropping the terms of order higher than £°, we have
gz + 2192 = — Q1)
The general solution of this equation is easily found to be

ga(n) = — 3 (P +3) e — 4t (P + ) e exfy
— (2m)tqerf2ip+iCrierfy, (4.19)

Putting

where C is a constant of integration. It should be noted that another constant of
integration can be added to the right-hand side of (4.19), but this constant can be



Laminar far wake behind a two-dimensional body 313

03 T T T T T T
//’\\
02 / \\ -
/
/
‘\,,/
~ 01} AN \ .
5 ‘\\ \
g o AW
&a \ N
) ——
a —01F \ ™\ —
\ 7
—02 \\ 1/
.\_'/
—03 . 1 | ! | {
-40 -30 -20 -10 0 10 2:0 30 40
]
Ficure 2. Streamwise velocity component in the second approximation.
-, O = 2:0; ,C=0;——-—,0C=-20,

put equal to zero without loss of generality. Like the constants B and « in (3.8)
and (3.10), respectively, C cannot be determined from the boundary conditions
on the far wake. A tentative physical meaning of C will be discussed later.

The flow field outside the wake region will now be determined. Since

g:(n) > F (2mt(n—CJ2}) as 9 ->1oo,
we have, from (4.18) and (4.19),

2 c
N L AN P

Ve > ¥ sorre (’7 2%) (4.20)
at the edge of the wake. Therefore, the flow outside the wake, which should be
matched to (4.20), can be determined as

YP = IS{WEY,
where
m?

2) —
we = T 22miU?

‘(2kz)% + == ¢ logz}
The velocity component in the x direction given by (4.18) and (4.19) is

2 km 2 2
up = 2L~ B et r et - P ety

—(2mterf2ty+Ce*}, (4.21)

which is plotted in figure 2 for a few values of C. It is worthwhile to note that the
term Ce" in the curly brackets introduces a symmetrical component into %,
while all the remaining terms give the antisymmetrical profile.



314 M. Kiya and M. Arie

4.3. Third approximation
The third approximation can be obtained in the same way as the second approxi-

mation. Write Yy = UP + PP + PP, (4.22)

By substituting (4.22) into (2.15) and retaining the terms of order £~3log £ and
£-5, we have

3¢(3) 2w® a¢-(1) WD 3¢.(2) W 3¢.(1) p e
(3) re ) _ 1 1 2 1 2 2 1
A(“’z +2k 695) 2k(y 2w oy o T oy om0y
WP AyPo0D PP oy dufd
oy ox or oy ox oy ox oy
WP owP\  km?
- + £
dr oy )  4antU?
in which the last term on the right-hand side corresponds to the term in curly
brackets in (4.16) in the second approximation. Substitution of the above results

into theright-hand side of (4.23) yields, after straightforward but lengthy calcula-
tions,

(92" - Z") 4+ 0(£75), (4.23)

a (o + 26 %E) = B s oy + 20y 2814 (077 - 1)

+ i[( Z”)I - 2Z”] —log g[(ﬂgylll)l + 2(17 YII)I _ 2Yll]}
k3m3

+ gt Q) + 20105~ 265)

~2(2) 1y - vre2(2) gty + 2rry -2

Bm3 Bm3C k3m3
—3 AN —3 "ne
+277%U3§ (YX3) 27rU3’E (YE'Y + T

~AXZY ]~ BEES (Y Y + 20 ) 27 T+ 0(£),
(4.24)

EH(XZ)"

where we have put E = erfy,

Qs = 4 x 3ty e " R(y) — 14 x 3% (erf 3ty —erf7) 4+ 12 x 28 e~ exf 28y
+6e 2 erfy + 3mte " (erf )2 — 12 x 3terfy,

Ny = (1 +§) e~ +m3(n® +§n) e~" exf y + 2(2m) g erf 24y,
Proceeding just as in the derivation of (4.17), we find

oP + 2k ff A* (a)('"” +2k—2 31#2 ) dndy

7,—gUz § 3{F(n) +log EFy ()}

k3m3

+mg~3{1«’(n)+4< ) log £ Fy(n )}

k3
~ e R - ety rolE),  (4.25)
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with 7}, F, and F, given by

Fyn) = (g +9° +3) " +dmtyerfy,
Fyn) = 2(29* — 9~ 1) e,
Fy(n) = 8 x 3¥(1 + 92— 29%) e° R(n) + 8 x 32 3 (erf 3ty —erfy)

+8(3/m)b (2024 1) e+ (6/}) (21— 29%) €

+ 18 x 2% (5 — 29%) e~7*erf 24y + 60 e 2" erfy

+ 6mE(1 + 92 - 29%) e 7" (erf 9)?

+48x 3tyerf 3ty — 36fﬂe—2’1’ erfndy.
0

In view of the relation 0 = — Ay, equation (4.25) can be reduced to
m2 km3 3\?
DY = o 6 () +og ER )}~ g B4 (2) Tog € Rt
B, km*C , 1
+W§ F2(77)+2§77U3g erf 21y, (4.26)

To find an appropriate solution of (4.26), we first consider the equation

Dy = (m*}m2U?) £ Fy () +log £ Fy(7)}- (4.27)

Assuming Y = (mHmdU2) £ {gay(n) +log £ gan(m)}, (4.28)
and dropping the terms of order higher than £-1, we have

G+ 20931 + 295, = Fy + 23, (4.29)

Gaz+ 2932+ 295, = Fy. (4.30)

The general solution of (4.30) is
7
9sa(m) = — (30t +9*) e + 0316_”24[‘ e’ dy +Cype™, (4.31)
0

where Cy, and Cj, are constants of integration. The second term on the right-
hand side of (4.31) obeys

Oy f ety ~ Coy(2) {1+ (278)1+ O(-4)
0

as 9—> +00. Thus, this term gives rise to a term C,,(2&9)! = C;,(2ky)~! in ¥,
which does not satisfy the requirement that the vorticity in the wake should
exponentially tend to that in the flow outside the wake as the edge of the wake is
approached (the principle of rapid decay of vorticity; Chang 1961). Accordingly,
wepus ;= 0. (4.32)
Another constant Cg, remains to be determined. Substituting (4.31) with (4.32)
into (4.29) and integrating the resulting equation, we obtain

7
9ar(n) = fp2e " +minerfn + mh (Cop + 21) e_ﬂzfo e erfydny +Csy e_,,af: e di +Cy,
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Cy; and Cy, being constants of integration. Since the term

—® " 7% orf
e er erfndy,
0

e f: e dn,

in the same manner as the term

does not satisfy the requirement of the prineiple of rapid decay of vorticity, we
obtain
Cyp = _38_1_’ Cg3 = 0.

Therefore, the solutions of (4.29) and (4.30) can be determined as

951(1) = Gu(n) +Cre7, (4.33)
Ja2(1) = Gaa(7), (4.34)
in which C, is an arbitrary constant and
Qs (7) = Ip2e " +atgerfy, (4.35)
Gao(n) = — 372 (1 +32) ", (4.36)
Next, consider the equation
DY = — (km}487U%) £ {Fyn) + 4(3/m)tlog EFy(m)}. (4.37)
Assuming Yl = — (km?/48mU®) £ {g55(n) +10g &gsa(m)}, (4.38)
we have G+ 21933 + 233 = F3+ 2934,

Goa+ 2193y + 2034 = 4(3/m)} .

These equations can be solved in the same manner as (4.29) and (4.30). The results
are

gaa(n) = G3(n) + Cpe™, (4.39)
934(7) = Gss(n), (4.40)

where C, is an arbitrary constant and

Gag(n) = 2 x 3H(n*+ 29°+ 2) e " R(n) — 3K(9* + ) (exf 3k —erfy)
+(3/mt) (292 + T) e 3" — (3/m)b g2 1" + 12 x S perf 31y
+3 x 28 (293 + 3) e 7 erf 24y 4 By(n2 + §) e~ exfy

+ ZLe—" f : e Perfidt + 3mty? (392 + 1) e7* (erfy)2
+36e* 01’ {8(5) — 8( +0) exfy} e dy,
Gaa(n) = — (3/m)¥ (29" + 49+ §) e7" — (36/m}) e~ S( + 00),
S(n) :f:f: e~erfididy’.

It should be pointed out that S(») is an odd function of .
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Consider the equation
Dy = (B[kU) £ Fyn).

Putting ¥ = (B/kU) £ 1ggs(n), we have

55+ 21035 + 2935 = Fy(7).
Since g5 satisfies the same equation as g,,, the solution becomes, from (4.31),

Fas(n) = Gas(1) +Cye", (4.41)

where C, is an arbitrary constant of integration and

Gas(n) = —72(dn2 + 1) ",
Finally, consider the equation

Dy ® = (km3C|28nU3) £-Lerf 24y,

When the solution of this equation is assumed to be of the form

Y9 = (km3C|2knU®) £-1g3e(n),
s satisfies the equation
Gas + 27936 + 2935 = erf 2}y

The solution is
gsa() = Gag(n) + Cye ", (4.42)
where
GSG("]) = lerf 2'§ﬂ - 2_'3' =1 erff)],
C, being arbitrary.

It should be remarked here that, in obtaining the solutions of ggs-gsg, the
principle of rapid decay of vorticity has been applied to determine the constants
of integration other than C,, C; and C;.

From the foregoing analysis the solution in the wake region in the third
approximation is given by

(3) m —1 kem?® 1
Y = "ng {Gai(n) +1og £ Gae(n)} — mg {Gaa(n) + log £Gau(n)}

km3C

€"1 Gy + o557 P

et () +CE e, (4.43)
where (" is an arbitrary constant which cannot be determined from the boundary
conditions on the far wake in a uniform shear flow. It may also be noted that the
term multiplied by the undetermined constant C’ in the third approximation
yields an antisymmetrical part of the velocity component 4§’ (= ¢/$)/y) in the
same manner as the remaining terms other than that multiplied by C.

To find the flow outside the wake in the third approximation, we note that

Gy > 1y, GQgu— +12x8Yy, Gye—>+} as 9 —>+oco.

Then, ¥ behaves asymptotically according to

v =2 ) e+ En). (4.49)

U2 4nU3 2§7r U3
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Accordingly, the flow outside the wake which matches to (4.44) is determined as
v = ST,

where .
m?  3tkm3 km
W=z (27TUZ sﬂva)l 082 +i5p T Ua(zk)

the + sign standing for #(z)Z 0.

5. Discussion of results

From the above analysis, the stream function representing the flow of an in-
compressible viscous fluid past a symmetrical two-dimensional body located in a
uniform shear flow has been obtained asymptotically both in and outside the
wake region. Since the analysis is based on the assumption that the shear can
be regarded as a perturbation on a uniform stream, the region where the present
solution is valid must be clarified. Noting that the solution has been obtained by
an iterative procedure which starts from the solution of the linearized form of
(2.14), we have, as an approximate estimate,

oy (w, 0)/0y| < 1. (5.1)
Since, from (3.5),
oy, 0)/3y = — (lom|miU) (2ha)

the condition (5.1) yields
(2kx)} > km/mbU. (5.2)

Moreover, as is inferred from (3.3), the far wake in a uniform stream is limited to
the region in which # is of order unity. This fact implies that the far wake is a
vaguely parabolic region described by 8 = O{(2kx)}}, which gives an estimate
of the width of the wake & as

8 = Of{x(2kz)~1}. (5.3)

In order that the shear can be treated as a perturbation on a uniform stream,
the shear length defined by U/G = a! must be much larger than ¢, i.e.

d<€al,
or
(2kz)t < kfa. (5.4)

Combining (5.2) and (5.4), we finally obtain
km[mU < (2kx)} < kfo. (5.5)

Here it should be added that (5.5) is applied both in and outside the far-wake
region.

The asymptotic solution described in the present analysis contains four con-
stants ¢, B, C and €’ which cannot be determined from the boundary conditions
for the far wake. As was initially demonstrated by Stewartson (1957), these
constants will be connected in some way with the flow field in the vicinity of the
wake-producing obstacle, which is neglected in the asymptotic analysis. Mathe-
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matically, the terms which are multiplied by B, C and (', respectively, are the
solutions of (A — 2k9/dx)yr = 0, while the term multiplied by a is the solution
of Ay = 0. It should here be pointed out that the terms multiplied by C introduce
the symmetrical parts into the velocity components u, (= 8¢,/dy), which repre-
sents the effect of the uniform shear of the main flow, although all the other
terms up to the third approximation yield the antisymmetrical parts. As a result,
the defect of flow rate in the wake, which can be defined as

+ 0
0= [ w+ky-way,
is written in the form
q=- U{lh(g, +CD)—¢1 g: — 0 }— G{Wz g’ +°°)—§”2(§, —CXD)}

~ szo) m?  Glms -
(’"‘mm +((21r)‘1fU 30" g ole™)-

(5.6)
In the same manner, the momentum defect M in the wake can be evaluated as

+oo
o =pf (U + Ky) (U + Ky—u)dy
— pmU — pGmC4mt U + O(E-Y), (5.7)

which, in the limit £ - oo, could be interpreted as the drag force acting on the
body placed in the uniform shear flow. However, since there exists the upper
limit on « given by (5.5) or, in terms of £,

m[2mtv < § < U@,

beyond which the present analysis is not valid, we cannot take such a limit in a
strict sense. Nevertheless, it is the authors’ impression that the constant C will
have some connexion with the drag force acting on a symmetrical obstacle in a
uniform shear flow.

In order to show more clearly the characteristics of wakes in a uniform shear
flow, the velocity profiles in the wakes will now be examined. Consider a sym-
metrical body with representative length I and define the drag coefficient C, and
Reynolds number Re by

Cp =D tpUA, Re= Uly,

respectively. It should be remembered that C;, means the drag coefficient when
the obstacle is located in a uniform stream u,, = U. Then, the velocity defect w
in the wake, which is defined by

w=(U+Gy)—u=—ddy,
becomes

—w|U = }Cp Ret {(x[ly 29 () + 1Cp Bed (/1) g () + O/l ¥ log (x/1)]}

+3Cp(G1/U) {g§°(n) + £0p Red (/1) gP () + Ol (/1) log (/1)]},
(5.8)
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Fraurz 3. Velocity-defect profiles in the far wake of a flat plate of length .
Gl/U = 0-25, Re = 100, C = 0.
where

go(n) = —mte
gP(n) = — (@at)? (m e 1y e erfy),
g5°(n) = (4md)2n(29* +8) e,

g(m) = (4mt){(r* + §m) " + 7k (7 + 97 —§) e exfy — (2m)kexf 24 + C'e ).
In deriving (5.8), we have used the fact that, in the wake region £, almost satisfies
£ = (2kx)? = Reb(x/l)3.

Moreover, in terms of z/I, Cp and Re, the condition (5.5) can be rewritten as
Cp Ret[amt < (x[l)} < Re}(U|GY). (5.9)
As an example, a finite flat plate of length 7 aligned parallel to the main flow
will be considered here. The drag coefficient has been given by Kuo (1953) as
30, Ret = 1-328 + 4-12Re—1. (5.10)

The numerical calculations have been performed for the case RBe = 100 and G/
U = 0-25 together with an arbitrarily chosen value of C' = 0. In this case, (5.9)
becomes approximately

0-25 < (x/l)} < 40.

The results are shown in figure 3, which gives the velocity-defect profiles at
various sections downstream the plate. It can clearly be seen in the figure that the
asymmetrical feature of the velocity defect becomes more evident as z increases.
The width of the wake extends to the low-velocity side more than to the high-
velocity side, and the point which shows the maximum velocity defect shifts to
the low-velocity side.
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